Although a number of models have been developed to investigate the emergence of culture and evolutionary phases in social systems, one important aspect has not yet been sufficiently emphasized. This is the structure of the underlaying network of social relations serving as channels in transmitting cultural traits, which is expected to play a crucial role in the evolutionary processes in social systems. In this paper we contribute to the understanding of the role of the network structure by developing a layered ego-centric network structure based model, inspired by the social brain hypothesis, to study transmission of cultural traits and their evolution in social network. For this model we first find analytical results in the spirit of mean-field approximation and then to validate the results we compare them with the results of extensive numerical simulations.
Introduction
Emergent natural phenomena like ferromagnetism in materials, and social phenomena like formation of collective opinion or evolution of culture in a society have clearly different origins. However, during the last two decades it has become increasingly clear that there are important common features, namely they are all complex systems, in which a large number of interacting units contribute to entirely new cooperative qualities. Formulating this way, it is not anymore surprising that concepts, methods, and modelling techniques of statistical physics have increasingly been applied to a number of problems beyond the traditional realm of physics, giving rise to such new discipline names as "econophysics" [1] and "sociophysics" [2, 3] .
In physics sense, modelling means conceptual simplification, in which one aims to find a small number of assumptions to capture the essence of the phenomenon investigated. This is exemplified by a model of two possible spin states for each particle, like the Ising model for magnet, which in spite of its simplicity is capable of describing spontaneous symmetry breaking and the related emergence of magnetization. Similarly, simple models of disease spreading with two possible states (either "susceptible" or "infected") for the members of the society permit to describe the emergence of a pandemic state in the system. A major difference between modelling natural and social phenomena is, however, that in the former case general principles like variational laws or microscopic equations of motion are usually known, while in the latter case of social systems, the situation is more complicated. In this case, one uses plausible assumptions about the processes leading to stochastic rules, which are then tested by comparing the results with reality -usually in a qualitative manner.
Here we will discuss, from the sociophysics perspective, the problem of competition and coexistence of two cultural traits in a society. The situation is in a sense similar to binary alloys, in which for some parameters the components mix, while for the others a phase separation takes place. This analogy raises the question about a kind of cultural phase diagram, which is a known problem in cultural anthropology [4, 5] . While much of research has been done from the mean field point of view, only recently the topology of the interactions has been taken into account [6] .
The natural way to describe the processes of transmission of values in a social system is to assume transition rates for the evolution of the local properties by which Markov chain equations can be formulated for the behavior of the entire system. While in this context the Markovian approximation has its obvious limitations, it is still worth studying for several reasons. First, the Markovian approximation should hold for a large time scale; second, the solutions can serve as references and third, this is the technique we are most familiar with.
In our present study we focus on modelling a biased transmission of cultural traits, developed to describe the evolution of culture in a society [7] . Among different types of biased transmission there is direct bias with one cultural trait being more attractive than the others or indirect bias with an individual using a characteristic not immediately related to the cultural trait (e.g., individual success). Here we focus on the former one, namely on direct bias. The assumption that one cultural trait is more attractive than the other, will cause its frequency to increase in time. However, the effect of this behavior depends on the network of social interactions that allow the cultural traits to be transmitted between the members of a social system. Here we adopt the view of ego-centric social networks to describe the emotional closeness of the social brain hypothesis [8] , which besides the restriction on the number of active social network members for each individual (the Dunbar number of about 150) suggests the entire ego-centric network consisting of the layers that correspond to different levels of intensities of interactions or emotional closeness [9] [10] [11] .
In this paper we first describe the biased transmission model in section 2; develop a mean-field approximation for the evolution of a cultural trait in the entire system with the given ego-centric network in section 3; construct two distinct cases of entire networks with a fixed ego-centric structure in section 4; and investigate the applicability of the derived mean field approximation. In section 5 we draw conclusions.
Transmission models with direct bias
Assuming that there are two possible cultural traits x i (t ) = {0, 1} for each individual i = 1, . . . , N in a system, transmission models allow each individual to change his or her cultural trait in time t as a result of adopting it from available sources. The model of direct bias suggests some bias in choosing and adopting cultural trait, which means that one of the traits is more attractive. Then we introduce a quenched quantity b to determine the strength of this bias, the value of which varies within the range b ∈ (−1, 1). For b > 0, individuals are predisposed towards choosing trait 1 while for b < 0 cultural trait 0 is favoured. The possible sources of cultural trait for each ego i correspond to the "friends" of individual i ego-centric social network and to the ego i him-or herself.
Let us now assume that the ego-centric social network of individual i consists of N i friends and that the strength of relation between the ego i and source j is ω i j . It reflects the influence of each of the source j on the ego i . The values of ω i j are normalized
where 〈 j 〉 i means that j runs over the sources of the cultural trait for ego i .
For the direct bias transmission model [7] , each ego i decides to choose one of his or her source of cultural trait and adopts the trait from that source. The decision which source to choose depends both on ω i j and on the combination of the bias b and the cultural trait x j (t ) of the source j . The probability q i j that the ego i adopts cultural trait from the source j is determined [7] as
33802-2 where
In equation (2) k runs over all available sources of a cultural trait for ego i (including the ego him-or herself, i.e., k = i ). Note that the value of q i j in equation (2) depends on the whole configuration {x j (t )} i of cultural traits x j (t ) of all the sources for ego i . Then the probability p i (t +1|{x j (t )} i ) that an individual i will adopt cultural trait x i (t + 1) = 1 at time t + 1 given the configuration {x j (t )} i at time t may be expressed as follows: 
where p i (t ) is the probability that an individual i has cultural trait x i (t ) = 1 at time t . To investigate the evolution of a cultural trait in the system one has to specify both the structure of the network of social interactions and the initial conditions. Below we consider two types of ego-centric social networks and apply a mean-field approximation that allows us to analytically estimate the evolution of a cultural trait in the entire system.
Mean-field approximation
Here, we investigate two cases of social networks that reflect possible sources of a cultural trait. First, we consider a simple ego-centric network [7] , where each individual has only one external source of cultural trait at each time t , but this source changes over time and may be considered as a randomly chosen individual in a system. Second, we consider layered ego-centric network, assuming that the number of sources within each layer is large enough. The mean field approximations are obtained assuming that the probability p i (t ) of having a cultural trait x i (t ) = 1 is independent of i , and thus p i (t ) = p(t ). Below we consider the preference towards cultural trait 1, i.e., b > 0.
Single external source of a cultural trait
Let us assume that each individual i has only two possible sources of a cultural trait labelled with j : (i) himself or herself ( j = i ) or (ii) an external source ( j i ), so that the strength ω i j of social influence of the source j reads as follows:
In order to reproduce a temporal evolution of an individual cultural trait [equation (4)] the entire configuration {x j (t )} i of cultural traits x j (t ) of all the sources for ego i must be specified. In the approximation used, the exact configuration {x j (t )} i is not available and we deal with the probability P ({x j (t )} i ) of realization of each particular configuration {x j (t )} i . Then equation (4) may be expanded as follows:
where the first sum runs over four possible configurations of {x j (t )} i . Recalling that x j (t ) for each source j of cultural trait at time t is as follows:
x j (t ) = 1, with probability p(t ), 0, with probability 1 − p(t ),
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one may simply calculate the values of P ({x j (t )} i ) for each of the four possible configurations {x j (t )} i .
Substituting these values into equation (7) and taking the strength of social influence of each source j on ego i , ω i j , into account [equation (6)], one obtains an estimation for the evolution of individual cultural trait p i (t +1), which in the mean-field approximation is equal to the fraction of population p(t +1)
[equation (5)] characterised by a favoured cultural trait [7] :
The result (9) was obtained in 1980-s and it shows that the system starting from arbitrary small number of individuals with cultural trait 1 reaches a final state in which all individuals are characterized by the favored trait 1 for an arbitrarily small value of bias b > 0. A more complicated structure of a social network (decision among a number of sources) makes the calculations harder, and numerical simulations were then used to investigate the system behavior. R.I.M. Dunbar [12] considered the behavior of the system where each ego has two layers of sources of a cultural trait, and where the strength of relations decays with the layer number. Numerical calculations demonstrated a qualitatively similar but sufficiently faster spreading of the cultural trait in a system when more sources are simultaneously considered by the ego.
Layered ego-centric network
Here we develop a mean-field approximation for the evolution of a cultural trait in a system with a layered ego-centric social network. Let us assume that there are two layers of friends that correspond to different levels of emotional closeness: Let each individual have n 1 first-and n 2 second layer friends.
Then the strength of social influence can be written as follows: 1 , if j is the first-layer friend for ego i , α 2 , if j is the second-layer friend for ego i , (10) and satisfy the normalization condition (1) . If the number of sources within each layer is large enough, then n l p(t ) and n l [1− p(t )] approximate the numbers of l -th layer friends with the cultural trait equal to 1 and 0, respectively. Assuming that n l p(t ) and n l [1 − p(t )] match the corresponding numbers, the influence of the first-and second-layer friends on the ego i may be considered as an effective eternal field; and this will allow us to avoid considering all possible configurations {x j (t )} i of cultural traits, as it is shown below. Within this assumption, q i j among the whole configuration {x j (t )} i of cultural traits depends only on two of them, namely on x i (t ) and x j (t ) being implemented into β i and β j , correspondingly:
The normalization condition (1) being substituted into equation (11) allows us to exclude both α 1 n 1 and α 2 n 2 from the equation (11):
To investigate the temporal evolution of a cultural trait, equation (7) is used again. Within the approximation used here, the nested sum of this equation becomes dependent only on the cultural trait x i (t ) of ego i :
Now to estimate p i (t + 1), it is enough to consider only two possible values of x i (t ) among the whole set of configurations {x j (t )} i in equation (7). If x i (t ) = 1, then the probability that an individual i conserves the cultural trait at time t + 1 follows
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Transmission of cultural traits in layered ego-centric networks Instead, if x i (t ) = 0 the probability that the individual i will adopt a cultural trait x i (t +1) = 1 at time t +1
According to equation (7), the probability p i (t + 1) that an individual i is characterized by a cultural trait 1 at time t + 1 as follows:
. (16) Substituting equations (14) and (15) into equation (16) and taking into account that p i (t ) = p(t ), one obtains the mean-field approximation for the fraction of the population with the cultural trait favored by bias as follows:
where
Under the assumption that the numbers n 1 and n 2 of first-and second layer friends are large enough to apply the mean-field approximation and due to the normalization condition (1), the result (17) obtained does not depend either on α 1 or on α 2 . Only the value of α 0 is important. For similar reasons, the existence of additional layers does not change the result (17) provided that the number of sources within each layer is large enough. To verify the validity of the mean-field approximation (17) , in the next section we compare it with numerical simulations.
Numerical simulations
Finally, we perform numerical simulations of the biased transmission model on layered ego-centric networks in order to test the results of the mean-field approximation (17) . According to the social brain hypothesis [8] , the capacity of a human brain limits the number of individuals with whom one can maintain real social relationships. After reaching that limit of about 150 acquaintances, the quality of relationships changes significantly. Naturally, within this set of acquaintances there are large differences as regards emotional closeness of the acquaintances to an ego. R.A. Hill and R.I.M. Dunbar (see [13] and references therein) state that different layers of emotional closeness exist, creating a set of inclusive layers, the sizes of which increase in factors of about 3 with each layer, starting from a support clique of ∼ 5, to a sympathy group of ∼ 12, to a band of ∼ 35 and to a cognitive group of ∼ 150) individuals. Moreover, these layers of emotional closeness are correlated with the frequency of contacts between individuals [14] , so that an ego contacts with a member of a support clique on a daily basis, with a member of a sympathy group on a weekly basis, with a member of a band on monthly basis and with a member of a cognitive group on a yearly basis. For our numerical simulations we will implement this ego-centric network structure to investigate the transmission of a cultural trait in social networks, as we describe herein below.
Network generation
We generate several networks of social interactions that satisfy the following conditions: i) each individual has a number of ego-centric friendship layers up to the third, fourth or fifth levels; and ii) the sizes of these inclusive layers increase with the scaling ratio 3, thus consisting of 5, 15, 45, 135 etc. members. An example of such an ego-centric network is shown in figure 1 (a) . Since the entire networks with the given ego-centric picture may be designed in a number of ways, we generate two types of networks that satisfy described the ego-centric properties.
Initially, the corresponding random networks were generated. For this reason, we generate a set of nodes the number of which is given in table 1. Then, each individual i is connected to randomly chosen five other nodes in the system so that each ego arrives at 5 first layer neighbors connected by the strongest
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(a) (b) Then, as another alternative for a network with ego-centric property, we construct a hierarchical network. Initially, the entire set of nodes (see table 1) is divided into groups of six individuals each, and each pair of the nodes within each group are connected by the links of the strongest weight α 1 . Thus, each ego has got 5 links to the first layer friends. Next, the set of these groups are grouped into clusters, each consisting of 3 groups and thus containing altogether 18 nodes. In order to build the second layer of ego-centric network, each node of the initial group is connected to 5 out of 6 individuals of each of the selected groups in the cluster with the link weight α 2 . The choice of the five nodes is done in the way to obtain a maximally regular network. The example of such network is shown in figure 1 (b) . In order to obtain a hierarchical network of higher order, we repeat the procedure by merging the three clusters, etc. The constructed hierarchical network has a strong relation between the number of nodes N and the number of links L in the network, see table 1.
The distribution of link weights between an ego and the members of each layer l of his or her ego-
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centric network shows a proportional decrease of the link weight α l with the layer number l with a decreasing rate:
Having generated these two different networks of social interactions, we will next perform numerical simulations of the biased transmission model on them with different values of r .
Biased transmission model
Now let us consider the model of biased transmission equation (4) correspond to three layer ego-centric network of social interactions, panels (c) and (d) correspond to the four layer network, and the bottom panels (e) and (f) to the five layer networks. The left hand side panels demonstrate evolution of cultural trait in random networks while the right hand side panels correspond to the hierarchical networks. The evolution of cultural trait on networks with different values of link weight rate r = {2, 5, 10} are represented by balls, squares and triangles, respectively. Dot-dashed line corresponds to the results of the single external source mean-field approximation (9) and the dotted line represents the results of the mean field approximation (17) for layered ego-centric networks.
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stage of simulations. Thus, below we consider only those runs at time t for which the system contains at least a single node with the trait 1 at t . The results of our investigation are shown below for networks with the different number of layers.
Let us start with 3-layer egocentric network, where each individual has 5 first-, 10 second-and 30 third-layer friends, so that inclusive layer sizes follow 5, 15 and 45. The fraction p(t ) of individuals with a favored cultural trait on a random network is shown in figure 2 (a) as a function of time t . The same dependency on a hierarchical network with 3-layer ego-centric networks is shown in figure 2 (b) . The mean field approximations (9) and (17) are shown by dot-dashed and dotted lines, respectively. The results show that the approximation (17) describes the evolution of a cultural trait for a random network much better than the single source approximation [7] . Moreover, the distribution of the link weights among the layers, described by parameter r , does not affect the evolution of a cultural trait in random networks as predicted by the mean-field approximation. However, the value of r affects the process on hierarchical networks, so that for large values of r , the evolution of the favored cultural trait in the hierarchical network becomes slower than expected by mean field approximation. This behavior is even more pronounced for the systems having four and five layers in ego-centric social networks. The results for the four-layer ego-centric networks, where each individual has 5 first-, 10 second-, 30 third-and 90 fourth layer friends are depicted in figure 2 (c) and (d). Note that in this case the last inclusive layer contains 135 external sources corresponding to a rough upper limit of active human relations an individual can maintain.
For the sake of completeness, we also consider network structures that contain five layers where the last layer contains 270 friends. Here, the inclusive fifth layer with the total of 405 friends goes beyond the Dunbar number limit, thus including individuals who are not actively related to the central ego. The results of the spreading simulations for the hierarchical and random networks are shown in figure 2 (e) and 2 (f) for comparison. These results confirm the previously described behavior of the 3-layer egocentric networks, so that the slowing down effect is even further enhanced in hierarchical networks for large values of r .
Conclusions
To summarise, we have here developed a model of transmission of cultural traits in layered and weighted egocentric networks. The network structure was generated either randomly or to have regular hierarchical structure in accordance with the ego-centric friendship layering showing decreasing emotional closeness with an increasing distance from the ego, as suggested by Robin Dunbar. We studied this model first analytically with two types of mean field approximations, namely one based on a single external source of cultural trait and the other on a layered ego-centric network. In order to validate these mean field results, we compared them with the results obtained by extensive numerical simulations, and found them behaviorally similar, but especially the approximation of the layered ego-centric network seemed to compare well with the simulation results.
In the simulation studies, we observed a distinct slowing down effect in the evolutionary process of a cultural trait. This may sound somewhat surprising against the fact that social networks show a small world topology [15] , reflecting that any individual is only a few steps away from any other. However, a similar behavior is seen in a spreading process following susceptible -infected dynamics, which, on the one hand, was caused by the inner community structure of the social network and, on the other hand, by the bursty nature of social interactions between a pair of individuals [16] . Similar mechanisms were found responsible in maintaining long-term cultural diversity beside the emergent short-term collective behavior [17] . The origins of these kinds of systemic behavior bear close resemblance with the critical slowing down round the critical phase transition points of materials where regardless of the long range correlations, the existence of ordered domains slow down the relaxation of the whole system towards the stable state.
The slowing down in our study is related to the appearance of a well defined community structure or network clusters. The clustered structure for random networks does not exist by definition and the obtained mean-field approximation is capable of properly describing the evolution of the cultural trait in a social system. However, the appearance of a clustered structure in hierarchical networks for large
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values of the control parameter r results in slowing down that cannot be captured by the mean-field approximation. On the one hand, this limits the validity of the derived approximation (17) and, on the other hand, underlines the importance of community structure for the spreading and evolution processes in social systems. Besides the importance of the structure of individual ego-centric social networks in creating channels to transmit cultural trials, the composition of these ego-centric networks together with the whole system play an important role in the functionality of the system.
